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Nh|zrugv= erxqghg0huuru hvwlpdwlrq/ lqwhuydo dqdo|vlv/ qrqolqhdu hvwlpdwlrq/ rxwolhuv/
urerw orfdol}dwlrq/ urexvw hvwlpdwlrq/ vhw hvwlpdwlrq/ vhw lqyhuvlrq1
Vxjjhvwhg uxqqlqj wlwoh= Jxdudqwhhg urexvw qrqolqhdu hvwlpdwlrq1
Devwudfw= Zkhq uholdeoh sulru erxqgv rq wkh dffhswdeoh huuruv ehwzhhq wkh gdwd dqg
fruuhvsrqglqj prgho rxwsxwv duh dydlodeoh/ erxqghg0huuru hvwlpdwlrq whfkqltxhv pdnh
lw srvvleoh wr fkdudfwhul}h wkh vhw ri doo dffhswdeoh sdudphwhu yhfwruv lq d jxdudqwhhg
zd|/ hyhq zkhq wkh prgho lv qrqolqhdu dqg wkh qxpehu ri gdwd srlqwv vpdoo1 Krzhyhu/
zkhq wkh gdwd pd| frqwdlq rxwolhuv/ l1h1/ gdwd srlqwv iru zklfk wkhvh erxqgv vkrxog eh
ylrodwhg/ wklv vhw pd| wxuq rxw wr eh hpsw|/ ru dw ohdvw xquhdolvwlfdoo| vpdoo1 Wkh rxwolhu
plqlpdo qxpehu hvwlpdwru +RPQH, kdv ehhq ghvljqhg wr ghdo zlwk vxfk d vlwxdwlrq/ e|
plqlpl}lqj wkh qxpehu ri gdwd srlqwv frqvlghuhg dv rxwolhuv1 RPQH kdv ehhq vkrzq lq
suhylrxv sdshuv wr eh uhpdundeo| urexvw/ hyhq wr d pdmrulw| ri rxwolhuv1 Xs wr qrz/ lw
zdv lpsohphqwhg e| udqgrp vfdqqlqj/ vr lwv uhvxowv frxog qrw eh jxdudqwhhg1 Lq wklv
sdshu/ d qhz dojrulwkp edvhg rq vhw lqyhuvlrq yld lqwhuydo dqdo|vlv surylghv d jxdudqwhhg
RPQH/ zklfk lv dssolhg wr wkh lqlwldo orfdol}dwlrq ri dq dfwxdo urerw lq d sduwldoo| nqrzq
5G hqylurqphqw1 Wkh gl!fxow sureohpv ri dvvrfldwlqj udqjh gdwd wr odqgpdunv ri wkh
hqylurqphqw dqg ri ghwhfwlqj srwhqwldo rxwolhuv duh vroyhg dv e|0surgxfwv ri wkh surfhgxuh1
L1 LQWURGXFWLRQ
Wklv sdshu ghdov zlwk hvwlpdwlqj wkh xqnqrzq sdudphwhuv ri d prgho iurp h{shulphqwdo
gdwd1 Ohw O+ 5 U  eh wkh yhfwru ri doo wkhvh gdwd1 Lw pd| frqvlvw ri v|vwhp rxwsxwv iru
ydulrxv ydoxhv ri vrph lqghshqghqw yduldeohv vxfk dv wlph/ dqg pxowlyduldeoh g|qdplfdo
v|vwhpv fdq uhdglo| eh frqvlghuhg1 D vhw ri prghov lv dvvxphg wr eh dydlodeoh/ sdudph0
whul}hg e| d yhfwru OR 5 U ! wr eh hvwlpdwhg1 Wkh vlpxodwlrq ri dq| prgho EOR ri wklv
4
vhw jhqhudwhv d yhfwru ri prgho rxwsxwv OsEOR wr eh frpsduhg zlwk wkh gdwd yhfwru O+1 Lq
wkh frqwh{w ri erxqghg0huuru hvwlpdwlrq/ vhh/ h1j1/ ^5:`> ^6`/ ^:`> ^56`> ^57`> ^53` dqg wkh
uhihuhqfhv wkhuhlq/ lw lv xvxdoo| dvvxphg wkdw OsEOR pxvw ehorqj wr vrph jlyhq er{ +ru
lqwhuydo yhfwru, Ot  U  iru OR wr eh frqvlghuhg dv frqvlvwhqw zlwk wkh gdwd1 Wklv er{
frqwdlqv O+ dqg fkdudfwhul}hv wkh vhw ri doo rxwsxw huuruv wkdw duh ghhphg dffhswdeoh/ jlyhq
wkh dssur{lpdwh qdwxuh ri wkh prgho vwuxfwxuh dqg wkh lpsuhflvlrq ri wkh phdvxuhphqwv1
Rqfh wkh prgho vwuxfwxuhE dqg wkh er{ Ot kdyh ehhq fkrvhq/ wkh sureohp wr eh vroyhg
lv fkdudfwhul}lqj wkh vhw V ri doo ydoxhv ri OR frqvlvwhqw zlwk wkh gdwd/ l1h1/
V ' iOR 5 U ! mOsEOR 5 Ot j ' Os  EOt  +4,
Wklv fdq eh lqwhusuhwhg lq whupv ri vhw lqyhuvlrq/ dqg phwkrgv edvhg rq lqwhuydo dqdo|vlv
pdnh lw srvvleoh wr hqforvh V lq d xqlrq ri er{hv zlwk dq duelwudu| suhflvlrq ^44`1 Wkhvh
phwkrgv duh qrw/ krzhyhu/ urexvw wr d plvvshflfdwlrq ri wkh ihdvleoh er{ Ot  Iru lqvwdqfh/
li wkh zlgwk ri wkh lqwhuydo t
!
uhvxowv iurp dq rswlplvwlf fkrlfh ri huuru erxqgv ru li wkh
phdvxuhphqw +
!
lv surylghg e| d idxow| vhqvru/ V fdq eh juhdwo| dhfwhg dqg pljkw hyhq
ehfrph hpsw|1 Wklv lv zk| zh dvvxph khuh wkdw vrph gdwd srlqwv pd| eh rxwolhuv/ l1h1/
pd| fruuhvsrqg wr huuruv pxfk odujhu wkdq ruljlqdoo| wkrxjkw1 Wkh fruuhvsrqglqj prgho
rxwsxwv vkrxog wkhq eh doorzhg wr ylrodwh wkh huuru erxqgv1 Wkh vhw hvwlpdwru RPQH +iru
Rxwolhu Plqlpdo Qxpehu Hvwlpdwru, kdv ehhq ghvljqhg wr ghdo zlwk wklv vlwxdwlrq1 Lw zdv
lqwurgxfhg lq ^49` dqg ^5;` lq wkh frqwh{w ri pdwkhpdwlfdo prghoolqj lq skdupdfrnlqhwlfv
dqg elrorj|1 Lw zdv vkrzq lq wkhvh sdshuv wkdw wkh gdwd frxog lqfrusrudwh d yhu| odujh
shufhqwdjh ri rxwolhuv dqg vwloo ohdg wr phdqlqjixo sdudphwhu hvwlpdwhv1 Wklv urexvwqhvv
lvvxh zdv frqvlghuhg wkhruhwlfdoo|/ lq wkh frqwh{w ri olqhdu hvwlpdwlrq/ lq ^58`/ zkhuh lw lv
vkrzq wkdw/ xqghu vxlwdeoh h{shulphqwdo frqglwlrqv/ RPQH dfklhyhv d euhdngrzq srlqw
ri doprvw 83(/ wkh odujhvw dfklhydeoh shuirupdqfh1 Orrvho| vshdnlqj/ wkh euhdngrzq
srlqw ri dq hvwlpdwru lv wkh vpdoohvw shufhqwdjh ri rxwolhuv wkdw qhhgv wr eh lqwurgxfhg wr
pdnh wkh qrup ri wkh hvwlpdwlrq huuru whqg wr lqqlw|/ vhh ^59` iru pruh ghwdlov1 RPQH
dlpv dw fkdudfwhul}lqj wkh plqlpxp rxwolhu ihdvleoh vhw V!/ ghqhg dv
V! ' @h} 4? EORc
OR 5 U !
+5,
zkhuh wkh ydoxh ri wkh frvw ixqfwlrq EOR lv wkh qxpehu ri prgho rxwsxwv s
!
EOR vxfk wkdw
s
!
EOR *5 t
!
c l1h1/ wkdw gr qrw idoo zlwklq wkh ihdvleoh udqjhv ghqhg e| wkh huuru erxqgv1
Wkh plqlpdo ydoxh dfklhyhg e| wklv frvw ixqfwlrq zloo eh ghqrwhg e| !> lw lv wkh plqlpxp
qxpehu ri gdwd srlqwv wkdw kdyh wr eh frqvlghuhg dv rxwolhuv1 Wklv frvw ixqfwlrq lv qrw
frqwlqxrxv/ dqg lwv judglhqw lv }hur zkhuhyhu  lv glhuhqwldeoh1 Jhqhudoo|/ V! lv qrw d
vlqjohwrq dqg kdv d qrq}hur yroxph1 Lw pd| eh qrqfrqyh{ dqg hyhq glvfrqqhfwhg1 Zkhq
wkhuh duh qr rxwolhuv/ V! lv lghqwlfdo wr V1 Wkh dojrulwkp xvhg vr idu e| RPQH zdv
edvhg rq udqgrp vfdqqlqj ri sdudphwhu vsdfh/ vr qr jxdudqwhh frxog eh surylghg derxw
5
wkh uhvxowv1 Lq Vhfwlrq LLL1/ d qhz dojrulwkp lv suhvhqwhg wr exlog d vhw ri er{hv lq wkh
sdudphwhu vsdfh/ wkh xqlrq ri zklfk lv jxdudqwhhg wr frqwdlq V 1 Wklv dojrulwkp lqyroyhv
vroylqj d qlwh vhtxhqfh ri vhw0lqyhuvlrq sureohpv e| fdoolqj wkh dojrulwkp VLYLD +Vhw
Lqyhuvlrq Yld Lqwhuydo Dqdo|vlv, ^44`/ zlwk vxlwdeo| prglhg whvwv1 Vhfwlrq LY1 suhvhqwv
vrph qhz uhvxowv rq frqqh{lw| wkdw pd| khos wr qg zklfk gdwd vkrxog eh frqvlghuhg
dv rxwolhuv dqg wr xqghuvwdqg zk| glvfrqqhfwhg vhwv duh vr riwhq lqyroyhg lq wkh frqwh{w
ri erxqghg0huuru hvwlpdwlrq zlwk rxwolhuv1 Lq Vhfwlrq Y1/ wkh dssurdfk lv looxvwudwhg rq d
sureohp ri urerw orfdol}dwlrq1 Edvlf qrwlrqv ri lqwhuydo dqdo|vlv/ dq hvvhqwldo lqjuhglhqw
ri wkh surfhgxuh wr eh suhvhqwhg/ duh eulh | uhfdoohg lq wkh iroorzlqj vhfwlrq/ zkhuh wkh
qhz qrwlrqv ri lqfoxvlrq dqg vhsdudwlrq ghjuhhv duh lqwurgxfhg1
LL1 LQWHUYDO DQDO\VLV
D er{/ ru lqwhuydo yhfwru Of ri U lv d yhfwru zlwk lqwhuydo frpsrqhqwv=
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 1 Er{hv dqg lqwhuydov zloo eh ghqrwhg
e| fdslwdo ohwwhuv1 Wkh zlgwk E Of ri wkh er{ Of lv wkh ohqjwk ri lwv odujhvw vlgh+v,1 Wkh
vhw ri doo er{hv ri U zloo eh ghqrwhg e| LU 1 Wr elvhfw Of phdqv wr vsolw lw lqwr wzr
er{hv dorqj d v|pphwu| sodqh qrupdo wr d vlgh ri pd{lpxp ohqjwk1 Ohw Os G U $ U! eh
d yhfwru ixqfwlrq/ wkh vhw0ydoxhg ixqfwlrq O8 G LU $ LU! lv dq lqfoxvlrq ixqfwlrq ri Os li
OsE Of  O8 E Of +7,
iru dq| Of 5 LU 1 Wklv lqfoxvlrq ixqfwlrq lv frqyhujhqw li/ iru dq| vhtxhqfh ri er{hv Of ri
LU
 /
E Of$ f, EO8 E Of$ f +8,
Ydulrxv phwkrgv h{lvw iru frpsxwlqj frqyhujhqw lqfoxvlrq ixqfwlrqv dvvrfldwhg zlwk dq|
ixqfwlrq frpsxwdeoh lq d qlwh qxpehu ri vwhsv/ vhh/ h1j1/ ^54`1 Prvw ri wkhp duh edvhg rq
wkh h{whqvlrq wr lqwhuydov ri hohphqwdu| uhdo rshudwlrqv dqg ixqfwlrqv1 Dq| hohphqwdu|
rshudwru  vxfk dv ncc c * dqg dq| hohphqwdu| ixqfwlrq s vxfk dv h{s/ vlq/ vtu/ vtuw
rshudwlqj ryhu uhdo qxpehuv fdq eh h{whqghg wr lqwhuydov dv iroorzv=
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Wkh iroorzlqj h{dpsoh vkrzv krz wkhvh hohphqwdu| lqwhuydo rshudwlrqv fdq eh xvhg wr
exlog dq lqfoxvlrq ixqfwlrq1
H{dpsoh 4 Frqvlghu wkh ixqfwlrq
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zkhuh | lv d nqrzq uhdo qxpehu1 Dq lqfoxvlrq ixqfwlrq 8 iru s lv jlyhq e|
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zkhuh wkh rshudwlrqv lqyroyhg duh wkrvh ri lqwhuydo dulwkphwlf dv ghqhg e| +9, dqg +:,
dqg zkhuh uhdo qxpehuv duh ylhzhg dv ghjhqhudwh lqwhuydov1
Wkh dojrulwkp suhvhqwhg lq Vhfwlrq LLL1 lqyroyhv dq lqfoxvlrq ixqfwlrq aE O  iru wkh frvw
ixqfwlrq EOR Wklv lqfoxvlrq ixqfwlrq zloo eh edvhg rq wkh qhz qrwlrqv ri vhsdudwlrq dqg
lqfoxvlrq ghjuhhv1 Ohw f dqg t eh wzr vfdodu lqwhuydov1 Wkh vhsdudwlrq ghjuhh vhsEfct 
ehwzhhq f dqg t dqg wkh lqfoxvlrq ghjuhh lqfoEfct  ri f lqwr t duh ghqhg e|
vhsEfct  '  li f _ t ' > dqg vhsEfct  ' f rwkhuzlvh/
lqfoEfct  '  li f  t dqg lqfoEfct  ' f rwkhuzlvh1 +<,
Wkhvh qrwlrqv h{whqg wr er{hv Of dqg Ot ri LU dv iroorzv=
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 '
S
 
!#!
vhsEf
!
c t
!
c
lqfoE Ofc Ot  '
S
 
!#!
lqfoEf
!
c t
!

+43,
Wkh iroorzlqj ohppd zloo eh xvhg lq wkh qh{w vhfwlrq wr suryh wkdw wkh lqwhuydo ixqfwlrq
aE O  lv dq lqfoxvlrq ixqfwlrq1 Lwv surri lv wulyldo1
Ohppd 4= Ohw Ofc Ot c Of
!
c Ot
!
eh irxu er{hv ri LU vxfk wkdw Of
!
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LLL1 JXDUDQWHHG RPQH
Wkh vhw ri doo sdudphwhu yhfwruv wkdw duh frqvlvwhqw zlwk dw ohdvw ?
 
 ^ gdwd fdq wkhq eh
ghqhg dv=
V
 
' iOR 5 U! mEOR  ^j '   Edfc ^o +45,
Fkdudfwhul}lqj V
 
kdv wkxv ehhq fdvw lqwr wkh iudphzrun ri vhw lqyhuvlrq/ dqg fdq wkhuhiruh
eh shuiruphg e| VLYLD ^45` iru dq| jlyhq ydoxh ri ^1 D uhfxuvlyh yhuvlrq ri wkh uhvxowlqj
dojrulwkp xvlqj wkh qrwlrqv ri vhsdudwlrq dqg lqfoxvlrq ghjuhhv lv qrz suhvhqwhg1 Lw uholhv
rq wkh iroorzlqj sursrvlwlrq=
Sursrvlwlrq 4= Dq lqfoxvlrq ixqfwlrq iru EOR lv
aEO  '
k
vhsE O8 EO c Ot  c ?
 
 lqfoE O8 EO c Ot 
l
+46,
Surri = Ohw O eh d er{ ri U! dqg OR eh dq| yhfwru lq O Zh vkdoo suryh wkdw EOR lv lqvlgh
wkh lqwhuydo aEO  ghqhg e| +46,1 Iurp wkh ghqlwlrq ri / EOR ' vhsEOsEORc Ot  Sduwv
+lll, dqg +y, ri Ohppd 4 wkhq lpso| wkdw EOR ' ?
 
 lqfo+OsEORc Ot   ?
 
 lqfo+O8 E O c Ot c
dqg sduw +ly, ri Ohppd 4 lpsolhv wkdw EOR ' vhsEOsEORc Ot   vhs+O8 E O c Ot 1
Qrwh wkdw li xe

aE O 

 ^/ wkhq O  V
 
dqg li oe

aEO 

: ^/ wkhq O _ V
 
' >/ zkhuh
xe dqg oe vwdqg iru xsshu dqg orzhu erxqg/ uhvshfwlyho|1 Li wkh er{ O vdwlvhv qhlwkhu ri
wkh wzr suhylrxv frqglwlrqv/ wkhq O lv vdlg wr eh lqghwhuplqdwh1 Lq zkdw iroorzv/ vhdufk
zloo rqo| wdnh sodfh lq vrph er{ O
 
ri sdudphwhu vsdfh/ dvvxphg wr eh odujh hqrxjk wr
frqwdlq V
 
1 VLYLDE^ dqg lwv vxeurxwlqh FODVVLI\/ suhvhqwhg rq Wdeoh 4/ jhqhudwh wzr
vxesdylqjv +l1h1/ qlwh xqlrqv ri qrqryhuodsslqj er{hv,1 Wkh uvw ri wkhp/ ghqrwhg e|
N
 E^c frqwdlqv doo er{hv wkdw kdyh ehhq suryhg wr eh lqfoxghg lq V
 
( wkh vhfrqg rqh/
{NE^c frqwdlqv doo lqghwhuplqdwh er{hv ghhphg wrr vpdoo wr eh elvhfwhg1
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Wdeoh 4= D uhfxuvlyh lpsohphqwdwlrq ri VLYLD/ dqg lwv vxeurxwlqh FODVVLI\1
Li FODVVLI\+O  uhwxuqv 4/ O lv jxdudqwhhg wr eh lq V
 
1 Lw fdq wkhuhiruh eh sxw lq N 1
Li FODVVLI\+O  uhwxuqv 3/ O lv jxdudqwhhg wr kdyh d yrlg lqwhuvhfwlrq zlwk V
 
dqg pd|
eh glvfdughg1 Doo uhpdlqlqj er{hv zloo eh vsolw lqwr vxeer{hv/ xqohvv wkh| duh vpdoohu
wkdq d jlyhq uhtxluhg dffxudf| 0/ lq zklfk fdvh wkh| zloo eh sxw lq {N1 Lq hlwkhu fdvh/
FODVVLI\ uhiudlqv iurp lpphgldwho| vwrulqj O lq wkh fruuhvsrqglqj vxesdylqj/ lq wkh
krsh wkdw lw pd| eh srvvleoh wr uhxqlwh lw odwhu zlwk dqrwkhu er{/ wkhuhe| ghfuhdvlqj
wkh wrwdo qxpehu ri er{hv wr eh vwruhg1 Qrwh wkdw zkhq S
!
' f +uhvs1 S
"
' f,/ wkh er{
O
!
+uhvs1 O
"
, lv holplqdwhg1 Uhwxuqlqj > lqglfdwhv wr wkh fdoolqj surjudp wkdw O ru lwv
vxeer{hv kdyh doo ehhq fodvvlhg dqg qhhg qr orqjhu eh frqvlghuhg1
Li VLYLDE^ uhwxuqv hpsw| N E^ dqg {NE^/ wkhuh grhv qrw h{lvw dq| yhfwru OR frqvlvwhqw
zlwk dw ohdvw ?
 
 ^ gdwd/ vr V
 
lv hpsw|1 Wkhuhiruh/ wkhuh duh dw ohdvw ^ n  rxwolhuv1
Li VLYLD+^, uhwxuqv dq hpsw| N E^ dqg d qrqhpsw| {NE^/ wkhq dq| yhfwru OR 5 V
 
ehorqjv wr {NE^/ exw lw lv lpsrvvleoh wr nqrz zkhwkhu V
 
lv hpsw|1 Li wkh uhtxluhg
dffxudf| 0 lv vpdoo hqrxjk/ wklv vlwxdwlrq rffxuv rqo| lq dw|slfdo vlwxdwlrqv vwxglhg lq
^45`1 Lqghwhuplqdwlrq fdq wkhuhiruh jhqhudoo| eh uhpryhg e| uh0h{hfxwlqj VLYLD+^, zlwk d
vpdoohu dffxudf| frh!flhqw 01 Li VLYLD+^, uhwxuqv d qrqhpsw|N E^/ wkhq V
 
lv qrqhpsw|
dqg d eudfnhwlqj ri V
 
lv jlyhq e| wkh lqfoxvlrqv
N
 E^  V
 
 N E^ ^{NE^ +47,
9
Wkh pdlq dojrulwkp JRPQH +Jxdudqwhhg Rxwolhu Plqlpdo Qxpehu Hvwlpdwru,/ suh0
vhqwhg lq Wdeoh 5/ xvhv VLYLD+^, dv d vxeurxwlqh dqg dlpv dw fkdudfwhul}lqj wkh vhw V 1
JRPQH vwduwv e| fdoolqj VLYLDE^ zlwk ^ ' f/ zklfk dprxqwv wr dvvxplqj wkdw wkhuh
duh qr rxwolhuv/ dqg dq dgdswlyh 01 Zkhqhyhu VLYLDE^ kdv irxqg V
 
hpsw|/ JRPQH
lqfuhdvhv ^ e| rqh ehiruh fdoolqj VLYLDE^ djdlq1 Zkhq VLYLDE^ uhwxuqv d qrqhpsw|
N
!E^/ wkhq  ' ^/ dqg d jxdudqwhhg fkdudfwhul}dwlrq iru wkh vroxwlrq vhw V lv jlyhq e|
wkh lqfoxvlrq
N
!E   V  N!E  ^{NE  +48,
JRPQHEO
 
c 0
 

^ G' (
uhshdw
0 G' 0
 
( ^ G' ^ n (
uhshdw
dN!c{No G' VLYLDE^(
0 G' 0*2(
xqwlo EN! 9' > ru N! ' {N ' > (
xqwlo N! 9' >
Wdeoh 5= Jxdudqwhhg Rxwolhu Plqlpdo Qxpehu Hvwlpdwru1
Uhpdun 4 Wkh gdwd frqvlghuhg dv rxwolhuv pd| ydu| iurp rqh ydoxh ri OR lq V
 
wr wkh
rwkhu1 JRPQH grhv qrw h{soruh vxffhvvlyho| doo srvvleoh frpelqdwlrqv ri ^ srwhqwldo rxw0
olhuv dprqj ?
 
gdwd/ dqg wkxv hvfdshv frpelqdwruldo h{sorvlrq1 
Uhpdun 5 Xqghwhfwhg rxwolhuv pd| uhvxow lq wkh holplqdwlrq ri sruwlrqv ri sdudphwhu
vsdfh wkdw vkrxog qrw kdyh ehhq holplqdwhg/ dqg wklv pd| ohdg wr dq huurqhrxv frqfoxvlrq
dv wr wkh srvvleoh ydoxhv iru wkh sdudphwhuv1 Wr surwhfw rqhvhoi djdlqvw dq| jlyhq qxpehu
?
!
ri vxfk xqghwhfwhg rxwolhuv/ rqh pd| fkrrvh wr lqfuhdvh wkh plqlpxp qxpehu  ri
rxwolhuv e| ?
!
c dqg fkdudfwhul}h wkh vhw ri doo sdudphwhu yhfwruv wkdw duh frqvlvwhqw zlwk
dq| gdwd vhw ghsulyhg ri dw ohdvw  n ?
!
gdwd srlqwv1 Wklv rqo| uhtxluhv rqh dgglwlrqdo
fdoo wr VLYLDE n ?
!
1 
Uhpdun 6 Lq wkh dw|slfdo fdvh zkhuh wkh lqwhulru ri V lv hpsw|/ iru lqvwdqfh zkhq V lv
d vlqjohwrq/ wkh frqglwlrq EN! 9' > ru N! ' {N ' > zloo qhyhu eh vdwlvhg/ dqg JRPQH
zloo frqwlqxh kdoylqj 0 iruhyhu1 Iru wklv uhdvrq/ dqg wr wdnh lqwr dffrxqw wkh idfw wkdw wkh
dojrulwkp lv lpsohphqwhg zlwk qlwh0suhflvlrq dulwkphwlf/ wklv frqglwlrq lv uhsodfhg e|
+N! 9' > ru N! ' {N ' > ru 0 	 0
"#$
, zkhuh 0
"#$
: f lv d vpdoo wxqlqj frh!flhqw
wr eh fkrvhq e| wkh xvhu1 Zkhq JRPQH lqglfdwhv wkdw wkh frqglwlrq 0 	 0
"#$
kdv ehhq
:
hqfrxqwhuhg/ +47, qr orqjhu krogv/ dqg rqh fdq rqo| jxdudqwhh wkdw/ xsrq frpsohwlrq ri
JRPQH/ V  N! ^{N 
Uhpdun 7 JRPQH frxog eh h{whqghg wr lqfoxgh sulru lqirupdwlrq1 Iru lqvwdqfh/ dv0
vxph wkdw wkh sdudphwhu yhfwru OR vkrxog ehorqj wr wkh vhw J ' iOR 5 U  m}EOR  fj/ zkhuh }
lv d srvvleo| qrqolqhdu ixqfwlrq1 Wkhq/ wkh vhw ri doo sdudphwhu yhfwruv wkdw duh frqvlvwhqw
zlwk dw ohdvw ?
 
 ^ gdwd ehfrphv
V
!
' iOR 5 U  m}EOR  f dqg EOR  ^j ' }! Eo4c fo _ ! Edfc ^o
dqg wkh plqlpxp rxwolhu ihdvleoh vhw V lv htxdo wr V
!
 zkhuh
^ ' 4? i^ 5 ifc    c ?
 
j vxfk wkdw V
!
9' >j
Dvvxph wkdw dq lqfoxvlrq ixqfwlrq C lv dydlodeoh iru }/ wkhq li zh uhsodfh wkh wzr vwdwh0
phqwv
li xe

aEO 

 ^c uhwxuqE(
li oe

aEO 

: ^c uhwxuqEf(
ri FODVVLI\ e|
li

xe

aEO 

 ^

dqg

xe+CEO   f

c uhwxuqE(
li

oe

aEO 

: ^

ru

oe+CEO  : f

c uhwxuqEf(
wkhq JRPQH zloo surylgh d jxdudqwhhg fkdudfwhul}dwlrq ri V 1 
Uhpdun 8 Wkh frpsoh{lw| ri VLYLD lv h{srqhqwldo lq wkh qxpehu ri sdudphwhuv ^45`1
Wkhuhiruh/ JRPQH kdv dovr dq h{srqhqwldo frpsoh{lw| dqg lv wkxv olplwhg wr vpdoo gl0
phqvlrqdo sureohpv1 Qrwh wkdw wkh h{srqhqwldo udwlr fdq eh uhgxfhg e| xvlqj frqwudfwruv
+vhh/ h1j1/ Fkdswhu 8 ri ^44`,1 Frqwudfwruv duh rshudwruv xvhg wr frqwudfw er{hv O zlwkrxw
orrvlqj dq| ihdvleoh sdudphwhu yhfwru1 
LY1 FRQQH[LW\ DQDO\VLV
Wklv vhfwlrq suhvhqwv vrph qhz uhvxowv rq frqqh{lw| wkdw pd| khos wr jlyh dq lqwhusuh0
wdwlrq ri hdfk frqqhfwhg frpsrqhqwv ri wkh vhwv V dqg V
!
1 Wkhvh uhvxowv zloo pdnh lw
srvvleoh wr ghflgh zklfk gdwd srlqwv kdyh ehhq frqvlghuhg dv rxwolhuv e| wkh dojrulwkp
JRPQH1
Dvvxph wkdw wkh yhfwru ixqfwlrq Os lv frqwlqxrxv1 Ohw EOR eh wkh vhw ri doo  vxfk wkdw
s
"
EOR *5 t
"
1
;
Ohppd 5= Dq| yhfwru OR ri U  ehorqjv wr dq rshq vhw R vxfk wkdw ; OR
 
5 Rc EOR 
EOR
 
 
Surri = Ohw  eh dq| lqwhjhu lq EOR1 Vlqfh s lv frqwlqxrxv/ R
!
/ s  
!
Eo4c + 
!
d ^ o+!
!
c4d
lv dq rshq vhw ri U  wkdw frqwdlqv OR1 Vr lv R / W
!!""#$#
ER
!
 Li OR
 
5 R/ ; 5 EORc s
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EOR
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l1h1  5 EOR
 
 Wkhuhiruh EOR  EOR
 

Ohppd 6= Ohw OR
 
dqg OR
$
eh wzr yhfwruv lq   E^ vxfk wkdw EOR
 
 9' EOR
$
 Wkh wzr vhwv
S
 
' iOR 5 U  mEOR ' EOR
 
j dqg S
$
' iOR 5 U  mEOR ' EOR
$
j duh qrw frqqhfwhg1 
Surri = Vlqfh EOR
 
 9' EOR
$
/ S
 
_ S
$
' > Wkh idfw wkdw wkh lqwhuvhfwlrq ri wzr vhwv lv
hpsw| grhv/ krzhyhu/ qrw lpso| wkdw wkh| duh glvfrqqhfwhg1 Frqqhfwlrq pd| vwloo wdnh
sodfh lq forES
 
_ forES
$
/ dv h{hpsolhg e| wkh vhwv d2c d dqg dc eo/ vxfk wkdw for+d2c d,
_ for +dc eo ' 1 Wkh surri ri Ohppd 6 lv e| frqwudglfwlrq1 Vlqfh EOR
 
 dqg EOR
$
 erwk
kdyh ^ hohphqwv/ l1h1/ rEOR
 
 ' rEOR
$
 ' ^/ dqg vlqfh EOR
 
 9' EOR
$
/ zh kdyh
rEEOR
 
 _ EOR
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 	 ^ +49,
Dvvxph wkdw S
 
dqg S
$
duh frqqhfwhg/ wkhq wkhuh h{lvwv OR 5 S
 
^S
$
vxfk wkdw OR 5 forES
 
_
forES
$
 Vlqfh OR 5 forES
 
 dqg ehfdxvh ri Ohppd 5/ <Oo
 
5 S
 
vxfk wkdw EOR  EOo
 
 '
EOR
 
 Iru wkh vdph uhdvrqv/ EOR  EOR
!
1 Wklv dprxqwv wr zulwlqj wkdw EOR  EEOR
 
 _
EOR
!
c zklfk zrxog lpso| wkdw
rEOR  rEEOR
 
 _ EOR
!
 +4:,
Qrz/ vlqfh OR 5 S
 
^ S
!
   E^c
EOR ' rEOR ' ^ +4;,
+49,/ +4:, dqg +4;, duh lqfrpsdwleoh1
Sursrvlwlrq 5= Lq dq| jlyhq frqqhfwhg frpsrqhqw ri   E^/ wkh ^ gdwd frqvlghuhg dv
rxwolhuv duh wkh vdph1 
Surri = Ohppd 6 lpsolhv wkdw EOR fdqqrw ydu| zkhq OR ghvfulehv d jlyhq frqqhfwhg
frpsrqhqw ri   E^1
Vlqfh V! '   E!/ wkh vhw +V! / iEORmOR 5 V!j frqwdlqv doo srvvleoh zd|v ri glv0
fduglqj h{dfwo| ! gdwd srlqwv wr rewdlq d qrqhpsw| ihdvleoh vhw iru OR1 D frqvhtxhqfh ri
wklv sursrvlwlrq lv wkdw li V! lv frqqhfwhg/ wkhq wklv fkrlfh lv xqltxh/ dqg rewdlqhg e|
frpsxwlqj EOR dw dq| OR lq V!1 Pruh jhqhudoo|/ dq| jlyhq frqqhfwhg frpsrqhqw ri V!
fruuhvsrqgv wr d vlqjoh srvvleoh fkrlfh ri wkh gdwd frqvlghuhg dv rxwolhuv1 Li V! wxuqv rxw
wr eh glvfrqqhfwhg/ +V! fdq eh frpsxwhg e| hydoxdwlqj EOR dw rqo| rqh ydoxh ri OR lq
hdfk frqqhfwhg frpsrqhqw ri V!1 Li wkh ydoxh ri +V! lv wkh vdph rq hdfk ri wkhp/ wkhq
wkh idfw wkdw V! lv glvfrqqhfwhg pxvw kdyh rwkhu h{sodqdwlrqv wkdq dq h{fkdqjh lq wkh
gdwd fodvvlhg dv rxwolhuv/ h1j1/ dq lghqwldelolw| sureohp1
<
H{dpsoh 5 Dv dq looxvwudwlrq/ dvvxph wkdw wkh wk prgho rxwsxw lv jlyhq e|
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zklfk fruuhvsrqgv wr wkh ydoxh ri d Jdxvvldq suredelolw| ghqvlw| ixqfwlrq dw |
 
1 Dvvxph
wkdw xqfhuwdlq phdvxuhphqwv ri wkh ydoxhv wdnhq e| wkh suredelolw| ghqvlw| ixqfwlrq iru
vrph ydoxhv ri |
 
duh dydlodeoh xqghu wkh irup ri wkh ihdvleoh lqwhuydov t
 
/ dv lqglfdwhg lq
wkh iroorzlqj wdeoh
|
 
 2  e D S
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df( f2o df( 2o df( 2o df( f2o dfe( 2o d( fo
Lq wklv frqwh{w  !E^ fruuhvsrqgv wr wkh vhw ri doo OR wkdw duh frqvlvwhqw zlwk h{dfwo| S ^
ri wkh lqwhuydo gdwd t
 
1 VLYLD kdv ehhq xvhg wr fkdudfwhul}h  !E^ iru ^ ' fc    c S1
Lq ohvv wkdq 3134 vhfrqg rq d Shqwlxp 566 PP[/ lw vkrzv wkdw  !Ef '  !ES ' >/
zklfk phdqv wkdw wkhuh h{lvwv qr Jdxvvldq ixqfwlrq wkdw jrhv wkurxjk doo vl{ gdwd eduv
dqg qr Jdxvvldq ixqfwlrq wkdw dyrlgv doo vl{ eduv1 Qrwh wkdw wklv uhvxow/ frxog qrw eh
rewdlqhg e| udqgrp vhdufk ru julgglqj1 Iljxuh 4 +ohiw, uhsuhvhqwv wkh vhwv  !E^c iru
^ 5 ic 2c c ec Dj1 Hdfk ri wkhp kdyh ehhq rewdlqhg e| VLYLD lq ohvv wkdq 5 vhfrqgv1 Wkh
iudph er{ lv O ' d2c Ho dfc o Wkh gdun jud| er{hv kdyh ehhq suryhq wr eh lqvlgh  !E^
zkhuhdv wkh oljkw jud| er{hv kdyh ehhq suryhq wr eh rxwvlgh  !E^1 Wkh vhwv rewdlqhg e|
VLYLD duh frqvlvwhqw zlwk wkh idfw wkdw wkh vhwv  !Efc  !E/    c  !ES vkrxog irup d
sduwlwlrq ri U / l1h1/  !E^
!
 _  !E^
 
 li ^
!
9' ^
 
dqg
V
!"#
!"$
 !E^ ' U 1 Iljxuh 4 +uljkw,
uhsuhvhqwv wkh vxshusrvlwlrq ri doo Jdxvvldq ixqfwlrqv zkrvh phdq R
!
dqg yduldqfh R
 
duh
lq  !E^ Wkh iudph er{ lv dc Ho  d2c eo1 Iru ^ ' / VLYLD frqfoxghv wkdw  !E^ lv
frqqhfwhg/ dqg wkdw iru doo OR lq  !E^/ EOR ' ic 2c c ec Sj Wkh idfw wkdw wkh vdph gdwxp
+wkh Dwk, lv frqvlghuhg dv dq rxwolhu iru doo OR 5  !E frxog kdyh ehhq iruhfdvwhg iurp
Sursrvlwlrq 51 Iru ^ ' 2/ VLYLD vkrzv wkdw  !E^ frqvlvwv ri irxu frqqhfwhg frpsrqhqwv
dqg wkdw  E !E^ ' iic 2c c ejc ic 2c c Sjc ic c ec Sjc ic ec Dc Sjj1 Wklv phdqv wkdw
wkhuh h{lvwv 7 glhuhqw zd|v iru d Jdxvvldq ixqfwlrq wr furvv 7 ri wkh 9 eduv/ hdfk ri
zklfk fruuhvsrqglqj wr d frqqhfwhg frpsrqhqw ri  !E2 +vhh Sursrvlwlrq 5,1
Uhpdun 9 Lq vrph dssolfdwlrqv/ lw pljkw eh xvhixo wr dvvljq vrph phdvxuh ri uholdelolw|
wr hdfk gdwd srlqw1 D srvvleoh vxfk phdvxuh/ sursrvhg lq ^43`/ lv wkh vdihw| ri wkh wk
lqwhuydo gdwd/ ghqhg dv wkh udwlr ri wkh yroxph ri V! wr wkdw ri wkh ihdvleoh vhw rewdlqhg
zkhq wkh wk lqwhuydo gdwd lv glvfdughg1 Vdihw| lv dozd|v ehwzhhq 3 dqg 4/ dqg wkh odujhu lw
lv/ wkh pruh wkh lqirupdwlrq surylghg e| d jlyhq gdwd lqwhuydo lv frquphg e| wkh rwkhuv1 
Wkh qh{w vhfwlrq vkrzv krz JRPQH fdq eh dssolhg wr dq dfwxdo hvwlpdwlrq sureohp
zkhuh rxwolhuv duh xqdyrlgdeoh1
43
Iljxuh 4= Ohiw= vhwv   E^ ri doo OR frqvlvwhqw zlwk h{dfwo| S  ^ eduv> uljkw= dvvrfldwhg
Jdxvvldq suredelolw| ghqvlw| ixqfwlrqv
44
Y1 URERW ORFDOL]DWLRQ
Wkh dxwrqrprxv orfdol}dwlrq ri d urerw lq d sduwldoo| nqrzq hqylurqphqw lv d nh| sureohp
ri preloh urerwlfv1 D ydulhw| ri vhqvruv pd| eh xvhg/ hdfk ri wkhp surylglqj xqfhuwdlq
phdvxuhphqwv wkdw pxvw eh frpelqhg/ dqg wklv orfdol}dwlrq lv dufkhw|sdo ri sureohpv ri
gdwd ixvlrq ^7`/ ^5`1 Wr orfdol}h lwvhoi g|qdplfdoo|/ d urerw pxvw uvw hvwlpdwh lwv lqlwldo
frqjxudwlrq1 Wklv sureohp kdv ehhq wkh vxemhfw ri d uhqhzhg lqwhuhvw gxulqj wkh odvw
irxu |hduv1 Furzoh| hw1 do1 ^8` xvhg sdwwhuq uhfrjqlwlrq wr pdwfk ghqvh phdvxuhphqwv
zlwk d vhw ri odqgpdunv yld d sulqflsdo frpsrqhqw uhsuhvhqwdwlrq ri wkh phdvxuhphqwv1
Pdunryldq dssurdfkhv ^;`/ ^48` frqvlghu orfdol}dwlrq dv wkh frpsxwdwlrq ri d suredelolw|
glvwulexwlrq ryhu wkh iuhh frqjxudwlrq vsdfh1 Phwkrgv zlwk dgdswdwlyh vwhs vl}hv kdyh
ehhq sursrvhg/ edvhg rq wkh xvh ri rfwuhhv ^4` ru rq Prqwh0Fduor vdpsolqj ^9`1 Wkh
dssurdfk suhvhqwhg lq ^55` kdv vwurqj vlplodulwlhv zlwk wkdw suhvhqwhg lq wklv sdshu1 Lw
sduwlwlrqv wkh iuhh vsdfh lwhudwlyho| zlwk er{hv dqg whvwv vrph fkdudfwhulvwlf srlqwv lqvlgh
hdfk er{1 Li wkh whvw lv qhjdwlyh/ wkh zkroh er{ lv glvfdughg/ hovh li lwv zlgwk lv odujhu wkdq
d jlyhq suhflvlrq/ lw lv vsolw lqwr vxeer{hv1 Exw/ vlqfh rqo| d qlwh qxpehu ri srlqwv duh
whvwhg lq hdfk er{/ wklv phwkrg lv qrw jxdudqwhhg1
Ohw xv vwuhvv wkdw wkh lqlwldol}dwlrq skdvh lv pruh frpsoh{ sureohp wkdq wudfnlqj surshu1
Lqghhg/ rqfh d uhdvrqdeo| dffxudwh lqlwldol}dwlrq kdv ehhq shuiruphg/ lw lv riwhq srvvleoh
wr xvh d zhoo hvwdeolvkhg orfdo wudfnlqj whfkqltxh vxfk dv Ndopdq owhulqj ^4:` ru lwv
erxqghg0huuru frxqwhusduw ^<`/ ^4<`1
Wklv vhfwlrq vkrzv krz JRPQH ehkdyhv iru wkh vwdwlf orfdol}dwlrq ^4;` ri wkh urerw suh0
vhqwhg rq Iljxuh 5 iurp phdvxuhphqwv surylghg e| rqerdug vhqvruv lq d sduwldoo| nqrzq
5G hqylurqphqw1 Wkh dlp lv wr hvwlpdwh wkh frqjxudwlrq ri wkh urerw OR ' ER
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c R
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zkhuh ER
 
c R
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 lv lwv srvlwlrq lq wkh zruog iudph dqg R
"
lwv khdglqj dqjoh zlwk uhvshfw wr
vrph uhihuhqfh gluhfwlrq1 Lq zkdw iroorzv/ R
 
dqg R
!
duh h{suhvvhg lq phwhuv dqg R
"
lq
udgldqv1
Wklv frqjxudwlrq lv dvvxphg wr ehorqj wr vrph er{ O
#
lq frqjxudwlrq vsdfh/ odujh
hqrxjk wr frqwdlq doo frqjxudwlrqv ri lqwhuhvw1 Wkh odqgpdunv ri wkh hqylurqphqw duh
dvvxphg wr eh 
$%&
rulhqwhg vhjphqwv/ wkh froohfwlrq ri zklfk frqvwlwxwhv wkh pds1 Wkh
wzr h{wuhph srlqwv ri wkh wk vhjphqw duh ghqrwhg e| O@
 
dqg OK
 
/ zlwk wkh frqyhqwlrq wkdw
zkhq jrlqj iurp O@
 
wr OK
 
/ wkh uh hfwlqj idfh ri wkh vhjphqw lv rq wkh ohiw1 Wkh urerw lv
htxlsshg zlwk 
$%&
' 2e rq0erdug Srodurlg xowudvrqlf vhqvruv/ uhsuhvhqwhg e| furvvhv rq
Iljxuh 61 Wkh wk vhqvru lv lqvwdoohg rq wkh yhklfoh dw frruglqdwhv E%
!
c +
!
 lq wkh urerw
iudph1 Wkh wk vhjphqw jlyhv wkh rulhqwdwlrq w
!
ri wkh hplvvlrq d{lv1 Iljxuh 6 looxvwudwhv
wkhvh qrwdwlrqv1
45
Iljxuh 5= Urerw dfwxdoo| xvhg lq h{shulphqwdwlrq
Iljxuh 6= Orfdwlrqv dqg rulhqwdwlrqv ri wkh vhqvruv lq wkh urerw iudph
46
Wkh wk vhqvru lv h{shfwhg wr uhwxuq d phdvxuhphqw +
 
wkdw fruuhvsrqgv wr wkh glvwdqfh wr
vrph xqnqrzq odqgpdun dw ohdvw sduwo| orfdwhg lq lwv hplvvlrq frqh1 Wr wdnh phdvxuhphqw
lqdffxudf| lqwr dffrxqw/ zlwk hdfk gdwd srlqw +
 
lv dvvrfldwhg d ihdvleoh lqwhuydo t
 
'
d+
 
E  k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E n ko/ zkhuh kc wkh uhodwlyh suhflvlrq ri wkh phdvxuhphqw/ lv dvvxphg wr
eh nqrzq dqg/ iru vlpsolflw|/ lqghshqghqw ri wkh vhqvru frqvlghuhg1 Zlwk hdfk gdwd srlqw
+
 
/ d wklfn xqfhuwdlqw| duf fdq wkhq eh dvvrfldwhg/ uhvxowlqj iurp wkh lqwhuvhfwlrq ri wkh
fruuhvsrqglqj hplvvlrq frqh zlwk wkh ulqj fhqwhuhg rq wkh wk vhqvru zlwk lqwhuydo udglxv
t
 
1 D frqjxudwlrq OR lv frqvlvwhqw zlwk t
 
li wkh wk wklfn duf lqwhuvhfwv d odqgpdun dqg
qr rwkhu odqgpdun lv orfdwhg ehwzhhq wklv duf dqg wkh wk xowudvrqlf vhqvru1
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Wdeoh 6= Dojrulwkp iru jhqhudwlqj vlpxodwhg phdvxuhphqwv1
Wklv dojrulwkp lv wr eh lqyhuwhg e| VLYLD1
Iru dq| jlyhq frqjxudwlrq OR/ wkh dojrulwkp ghvfulehg lq Wdeoh 6 frpsxwhv wkh yhfwru
OsEOR ri doo phdvxuhphqwv wkdw zrxog eh uhsruwhg e| wkh xowudvrqlf vhqvruv xqghu lghdol}hg
frqglwlrqv1 Lq wklv dojrulwkp/  ghqrwhv wkh kdoi dshuwxuh ri wkh hplvvlrq frqh Wkh
frqjxudwlrq OR lv frqvlvwhqw zlwk wkh phdvxuhphqw uhsruwhg e| wkh wk vhqvru li s
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Iljxuh 7= Pds ri wkh urrp lq wkh zruog iudph
ehorqjv wr t
 
1 Wkh phwkrgrorj| iroorzhg wr rewdlq OsEOR lv qrw ghvfulehg khuh iru wkh vdnh
ri euhylw|/ dqg fdq eh irxqg lq ^46`1 Dowkrxjk idluo| uhdolvwlf/ wklv prgho ri phdvxuhphqwv
uhpdlqv vlpsoh dqg grhv qrw wdnh lqwr dffrxqw pdq| hhfwv gl!fxow ru hyhq lpsrvvleoh wr
lqfrusrudwh1 H{dpsohv ri vxfk hhfwv duh pxowlsoh qrqvshfxodu uh hfwlrqv/ vhqvru idloxuhv/
ehdp lqwhufhswlrqv e| slhfhv ri ixuqlwxuh ru sdvvhuve|/ sdudvlwlf xowudvrqlf vljqdov hplwwhg
e| pdfklqhu| dqg rxwgdwhg pdsv1 Hdfk ri wkhp fdq jhqhudwh rxwolhuv1 D urexvw hvwlpdwlrq
phwkrg lv wkhuhiruh sduwlfxoduo| qhhghg1
Wr xvh JRPQH wr hvwlpdwh wkh frqjxudwlrq ri wkh urerw/ lw lv qhfhvvdu| wr rewdlq
dq lqfoxvlrq ixqfwlrq iru OsEOR1 Uhfdoo wkdw li Os lv d qlwh dojrulwkp zklfk grhv qrw
frqwdlq frqglwlrqdo vwdwhphqw/ dq lqfoxvlrq ixqfwlrq fdq eh rewdlqhg e| uhsodflqj doo
rshudwlrqv ryhu uhdo qxpehuv lq Os e| wkhlu lqwhuydo frxqwhusduwv dv lq H{dpsoh 41 Khuh/
wkh frqglwlrqdo vwdwhphqwv lq OsEOR frxog srvh vshflf sureohpv/ exw fdq eh holplqdwhg
zlwk wkh khos ri wkh qrwlrq ri  ixqfwlrq ghyhorshg e| Nhduirww ^47`/ vhh ^46` iru pruh
ghwdlov1 Wkh xvh ri d surjudpplqj odqjxdjh wkdw doorzv rshudwru ryhuordglqj +vxfk dv
F../ IRUWUDQ <3 ru DGD, wkhq pdnhv lw srvvleoh wr xvh h{dfwo| wkh vdph frgh wr
frpsxwh O8 E O  dqg OsEOR1
Wkh urerw uhsuhvhqwhg rq Iljxuhv 5 dqg 6 lv lq d urrp ghvfulehg e| wkh pds ri Iljxuh 71
Wkh froohfwhg phdvxuhphqwv duh uhsuhvhqwhg rq wkh hplvvlrq gldjudp ri Iljxuh 81 Wkh
ohqjwk ri wkh grwwhg vhjphqwv fkdudfwhul}hv wkh phdvxuhphqw +
 
> h{fhsw iru rxwolhuv/ vrph
revwdfoh vkrxog olh dw ohdvw lq sduw ehwzhhq wkh wzr dufv dvvrfldwhg zlwk wkh fruuhvsrqglqj
vhqvru1
Iru d kdoi dshuwxuh ri wkh hplvvlrq frqh  '  c d uhodwlyh suhflvlrq ri wkh phdvxuhphqwv
k ' ff2/ d uhtxluhg dffxudf| 0
 
' fff2 iru wkh fkdudfwhul}dwlrq ri V! dqg d vhdufk er{
48
Iljxuh 8= Uhsuhvhqwdwlrq ri wkh gdwd froohfwhg e| wkh 57 vhqvruv/
zlwk wkhlu dvvrfldwhg xqfhuwdlqwlhv
Iljxuh 9= Vxesdylqj jhqhudwhg e| JRPQH/
zklfk hqforvhv V / dqg lwv wzr0glphqvlrqdo surmhfwlrqv
O
 
' d2c 2o  d2c 2o dfc 2Zo/ JRPQH ghwhfwv d plqlpxp ri vhyhq rxwolhuv1 Wklv
phdqv wkdw lw kdv suryhg wkdw wkhuh grhv qrw h{lvw d frqjxudwlrq yhfwru OR zklfk lv
frqvlvwhqw zlwk pruh wkdq . gdwd srlqwv> zh duh qrw dzduh ri dq| rwkhu phwkrg zklfk
zrxog eh deoh wr jxdudqwhh wklv uhvxow1 Wkh rxwhu vxesdylqj N! ' N! ^ {N iru V lv
uhsuhvhqwhg rq Iljxuh 9/ wrjhwkhu zlwk lwv 5G surmhfwlrqv1
Frpsxwlqj wlph rq d Shqwlxp 566 PP[/ lv lqglfdwhg rq Wdeoh 7/ zkhuh |
 
lv wkh frp0
sxwlqj wlph iru VLYLDE^ dqg | !"!#
 
'
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Iljxuh := Srlqw hvwlpdwh ri wkh frqjxudwlrq ri wkh urerw
^ N E^ |
 
EtiU  | !"!#
 
EtiU 
3 > 5 5
4 > 818 :18
5 > < 4918
6 > 48 6418
7 > 55 8618
8 > 6318 ;7
9 > 76 45:
: Vhh Iljxuh 9 94 4;;
Wdeoh 7= Frpsxwlqj wlphv1
Wkh vpdoohvw er{ wkdw frqwdlqv N ' N E. lv O
!
' d2Sec 2e2bo  de2Dc eSo 
df.Sc fH2So1 Wkh frqjxudwlrq dvvrfldwhg zlwk lwv fhqwhu lv uhsuhvhqwhg rq Iljxuh :1
YL1 FRQFOXVLRQV
Rqh ri wkh prvw dwwudfwlyh ihdwxuhv ri erxqghg0huuru hvwlpdwlrq lv wkh idfw wkdw lwv uhvxowv
fdq eh jxdudqwhhg hyhq iru qrqolqhdu prghov dqg qlwh gdwd vhwv/ surylghg wkdw d ihz
h{solflw k|srwkhvhv rq wkh vl}h ri wkh dffhswdeoh huuruv duh vdwlvhg1 Xqiruwxqdwho|/ lw lv
h{wuhpho| gl!fxow wr jxdudqwhh wkdw wklv frqglwlrq zloo dozd|v eh vdwlvhg/ dqg wkdw qr
rxwolhuv zloo fuhhs dprqj wkh gdwd1 Wkh sxusrvh ri wkh rxwolhu plqlpdo qxpehu hvwlpdwru
+RPQH, lv wr pdnh sdudphwhu erxqglqj urexvw wr vxfk rxwolhuv/ dqg wklv hvwlpdwru
kdv ehhq vkrzq lq wkh olwhudwxuh wr h{klelw uhpdundeoh urexvwqhvv surshuwlhv/ hyhq zkhq
rxwolhuv duh lqwurgxfhg rq sxusrvh wr irro lw1 Wkh lpsohphqwdwlrqv ri RPQH dydlodeoh
4:
vr idu/ krzhyhu/ frxog qrw jxdudqwhh wkhlu uhvxowv/ ehfdxvh wkh| lqyroyhg udqgrp vhdufk/
dqg wkh dgydqwdjh ri erxqghg0huuru hvwlpdwlrq suhylrxvo| phqwlrqhg zdv wkxv orvw1 Wkh
qhz dojrulwkp JRPQH suhvhqwhg lq wklv sdshu qrz pdnhv lw srvvleoh wr fkdudfwhul}h/
lq d jxdudqwhhg zd|/ wkh vhw ri doo sdudphwhu yhfwruv wkdw duh frqvlvwhqw zlwk wkh odujhvw
srvvleoh qxpehu ri gdwd srlqwv dqg dvvrfldwhg huuru erxqgv1 Lw lv lpsruwdqw wr qrwh wkdw
wkh dojrulwkp grhv qrw lqyroyh wu|lqj doo srvvleoh zd|v wr holplqdwh d jlyhq qxpehu ri
gdwd srlqwv frqvlghuhg dv fdqglgdwh rxwolhuv iurp wkh gdwd edvh/ d wdvn wkdw zrxog ehfrph
wuhphqgrxvo| frpsolfdwhg zkhq wkh qxpehuv ri gdwd srlqwv dqg srwhqwldo rxwolhuv duh
odujh1 Wkh gdwd frqvlghuhg dv rxwolhuv duh rewdlqhg dv d e|0surgxfw ri wkh surfhgxuh/ dqg
pd| ydu| zlwklq wkh vhw hvwlpdwhg/ dowkrxjk Sursrvlwlrq 5 lqglfdwhv wkdw wkh| uhpdlq wkh
vdph rq dq| jlyhq frqqhfwhg frpsrqhqw ri V 
Urerw orfdol}dwlrq iurp phdvxuhphqwv e| rqerdug udqjh vhqvruv lv dq lghdo dssolfdwlrq
hog iru JRPQH iru vhyhudo uhdvrqv1 Iluvwo|/ wkh qxpehu ri wkh sdudphwhuv wr eh hvwl0
pdwhg lv vpdoo hqrxjk iru wkh h{srqhqwldo frpsoh{lw| ri VLYLD wr uhpdlq pdqdjhdeoh1
Vhfrqgo|/ erxqgv duh hdv| wr rewdlq iru wkh huuruv frpplwwhg e| vhqvruv lq qrupdo rs0
hudwlqj frqglwlrqv/ dqg pruh uhdolvwlf wkdq wkh xvxdo Jdxvvldq dvvxpswlrq1 Wklugo|/ dqg
iru d qxpehu ri uhdvrqv/ lw lv xquhdolvwlf wr dvvxph wkdw doo vhqvruv zloo uhsruw fruuhfwo|/
dqg rxwolhuv fdqqrw eh dyrlghg1 Odvwo|/ wkh dvvrfldwlrq ri phdvxuhphqwv zlwk wkh odqg0
pdunv ri wkh hqylurqphqw/ fodvvlfdoo| frqvlghuhg dv d fuxfldo vwhs ri urerw orfdol}dwlrq dqg
xvxdoo| kdqgohg lq d yhu| frpsoh{ dqg khxulvwlf zd|/ lv wulyldoo| vroyhg dv d e|0surgxfw
ri wkh surfhgxuh1 Wkh sureohp frqvlghuhg khuh zdv wkdw ri vwdwlf orfdol}dwlrq/ zklfk lv
lpsruwdqw zkhqhyhu wkh urerw lv sxw lq vrph qhz hqylurqphqw ru kdv orvw wudfn ri lwv
frqjxudwlrq1 Dq dxwrpdwhg surfhgxuh vxfk dv wkh rqh dgyrfdwhg khuh pdnhv lw srvvleoh
wr dyrlg wkh qhhg iru d kxpdq lqwhuyhqwlrq/ wkhuhe| lqfuhdvlqj wkh urerw dxwrqrp|1
Wkh vrxufh frgh lq F.. fruuhvsrqglqj wr wkh h{dpsoh ri Vhfwlrq LY1 dqg doo dvvrfldwhg
oleudulhv fdq eh grzqordghg dw kwws=22zzz1lvwld1xqly0dqjhuv1iu2mdxolq2jdxvvfss1}ls1
4;
Uhihuhqfhv
^4` D1 Exujdug/ G1 Ghuu/ G1 Ir{/ dqg D1 E1 Fuhphuv/ Lqwhjudwlqj joredo srvlwlrq hv0
wlpdwlrq dqg srvlwlrq wudfnlqj iru preloh urerwv= wkh g|qdplf pdunry orfdol}dwlrq
dssurdfk/ LURV Frqihuhqfh +Ylfwruld/ Fdqdgd,/ 4<<;/ ss1 :63:681
^5` M1 D1 Fdvwhoodqrv/ M1P1P1 Prqwhlo/ M1 Qhlud/ dqg M1G1 Wdugrv/ Wkh VPDS= D sured0
elolvwlf iudphzrun iru vlpxowdqhrxv orfdol}dwlrq dqg pds exloglqj/ LHHH Wudqvdfwlrqv
rq Urerwlfv dqg Dxwrpdwlrq 48 +4<<<,/ qr1 8/ <7;<851
^6` S1 O1 Frpehwwhv/ Wkh irxqgdwlrqv ri vhw wkhruhwlf hvwlpdwlrq/ Surfhhglqjv ri wkh
LHHH ;4 +4<<6,/ qr1 5/ 4;553;1
^7` M1 Furzoh|/ Zruog prgholqj dqg srvlwlrq hvwlpdwlrq iru d preloh urerw xvlqj xowud0
vrqlf udqjlqj/ Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo Frqihuhqfh rq Urerwlfv dqg
Dxwrpdwlrq +Vfrwwvgdoh/ D],/ 4<;</ ss1 9:79;31
^8` M1 O1 Furzoh|/ I1 Zdooqhu/ dqg E1 Vfklhoh/ Srvlwlrq hvwlpdwlrq xvlqj sulqflsdo frpsr0
qhqwv ri udqjh gdwd/ Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo Frqihuhqfh rq Urerwlfv
dqg Dxwrpdwlrq +Ohxyhq/ Ehojlxp,/ 4<<;/ ss1 6454645;1
^9` I1 Ghoodhuw/ G1 Ir{/ D1 Exujdug/ dqg V1 Wkuxq/ Prqwh0Fduor orfdol}dwlrq iru preloh
urerwv/ Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo Frqihuhqfh rq Urerwlfv dqg Dxwrpd0
wlrq +Ghwurlw/ Plfkljdq,/ 4<<</ ss1 4655465;1
^:` M1U1 Ghoohu/ P1 Qd|hul/ dqg V1K1 Rghk/ Ohdvw0vtxduh lghqwlfdwlrq zlwk huuru erxqgv
iru uhdo0wlph vljqdo surfhvvlqj dqg frqwuro/ Surfhhglqjv ri wkh LHHH ;4 +4<<6,/ qr1 9/
;48;7<1
^;` M1V1 Jxwpdqq/ D1 Exujdug/ G1 Ir{/ dqg N1 Nrqroljh/ Dq h{shulphqwdo frpsdulvrq
ri orfdol}dwlrq phwkrgv/ LURV frqihuhqfh +Ylfwruld/ Fdqdgd,/ 4<<;/ ss1 :69:761
^<` X1G1 Kdqhehfn dqg J1 Vfkplgw/ Vhw wkhruhwlf orfdol}dwlrq ri idvw preloh urerwv xvlqj
dq dqjoh phdvxuhphqw whfkqltxh/ Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo Frqihuhqfh
rq Urerwlfv dqg Dxwrpdwlrq +Plqqhdsrolv/ PQ,/ dsulo 4<<9/ ss1 46;:46<71
^43` O1 Mdxolq/ M1 O1 Jrghw/ H1 Zdowhu/ D1 Hooldvplqh/ dqg \1 Ohgx/ Oljkw vfdwwhulqj gdwd
dqdo|vlv yld vhw lqyhuvlrq/ Mrxuqdo ri Sk|vlfv D= Pdwkhpdwlfdo dqg Jhqhudo +4<<:,/
::66::6;1
^44` O1 Mdxolq/ P1 Nlhhu/ R1 Glgulw/ dqg H1 Zdowhu/ Dssolhg Lqwhuydo Dqdo|vlv/ zlwk H{0
dpsohv lq Sdudphwhu dqg Vwdwh Hvwlpdwlrq/ Urexvw Frqwuro dqg Urerwlfv/ Vsulqjhu0
Yhuodj/ Orqgrq/ 53341
4<
^45` O1 Mdxolq dqg H1 Zdowhu/ Vhw lqyhuvlrq yld lqwhuydo dqdo|vlv iru qrqolqhdu erxqghg0
huuru hvwlpdwlrq/ Dxwrpdwlfd 5< +4<<6,/ qr1 7/ 438643971
^46` O1 Mdxolq/ H1 Zdowhu/ R1 Oìyítxh/ dqg G1 Phl}ho/ Vhw lqyhuvlrq iru 0dojrulwkpv/ zlwk
dssolfdwlrq wr jxdudqwhhg urerw orfdol}dwlrq/ Pdwkhpdwlfv dqg Frpsxwhuv lq Vlpxod0
wlrq 85 +5333,/ qr1 607/ 4<:5431
^47` U1 E1 Nhduirww/ D Iruwudq <3 hqylurqphqw iru uhvhdufk dqg surwrw|slqj ri hqforvxuh
dojrulwkpv iru qrqolqhdu dqg joredo rswlpl}dwlrq/ DFP Wudqv1 Pdwk1 Vriwzduh 54
+4<<8,/ qr1 4/ 96:;1
^48` N1 Nrqroljh dqg N1 Fkrx/ Pdunry orfdol}dwlrq xvlqj fruuhodwlrq/ Lqwhuqdwlrqdo Mrlqw
Frqihuhqfh rq Duwlfldo Lqwhooljhqfh/ 4<<</ ss1 4487448<1
^49` K1 Odkdqlhu/ H1 Zdowhu/ dqg U1 Jrphql/ RPQH= d qhz urexvw phpehuvkls0vhw hv0
wlpdwru iru wkh sdudphwhuv ri qrqolqhdu prghov/ Mrxuqdo ri Skdupdfrnlqhwlfv dqg
Elrskdupdfhxwlfv 48 +4<;:,/ 53654<1
^4:` M1 M1 Ohrqdug dqg K1 I1 Gxuudqw0Zk|wh/ Preloh urerw orfdol}dwlrq e| wudfnlqj jh0
rphwulf ehdfrqv/ LHHH Wudqvdfwlrqv rq Urerwlfv dqg Dxwrpdwlrq : +4<<4,/ qr1 6/
6:96;51
^4;` R1 Oìyítxh/ O1 Mdxolq/ G1 Phl}ho/ dqg H1 Zdowhu/ Yhklfxoh orfdol}dwlrq iurp lqdffxudwh
whohphwulf gdwd= d vhw lqyhuvlrq dssurdfk/ Surfhhglqjv ri 8wk LIDF V|psrvlxp rq
Urerw Frqwuro V\1UR1FR1*<: +Qdqwhv/ Iudqfh,/ yro1 4/ 4<<:/ ss1 4:<4;91
^4<` G1 Phl}ho/ D1 Suhfldgr0Uxl}/ dqg H1 Kdoezdfkv/ Hvwlpdwlrq ri preloh urerw orfdol}d0
wlrq= jhrphwulf dssurdfkhv/ Erxqglqj Dssurdfkhv wr V|vwhp Lghqwlfdwlrq +P1 Pl0
odqhvh/ M1 Qruwrq/ K1 Slhw0Odkdqlhu/ dqg H1 Zdowhu/ hgv1,/ Sohqxp Suhvv/ Qhz \run/
Q\/ 4<<9/ ss1 7967;<1
^53` P1 Plodqhvh/ M1 Qruwrq/ K1 Slhw0Odkdqlhu/ dqg H1Zdowhu +hgv1,/ Erxqglqj Dssurdfkhv
wr V|vwhp Lghqwlfdwlrq/ Sohqxp Suhvv/ Qhz \run/ Q\/ 4<<91
^54` U1 H1 Prruh/ Phwkrgv dqg Dssolfdwlrqv ri Lqwhuydo Dqdo|vlv/ VLDP/ Sklodghoskld/
SD/ 4<:<1
^55` H1 P1 Prxdggle dqg E1 Pduklf/ Jhrphwulfdo pdwfklqj iru preloh urerw orfdol}dwlrq/
LHHH Wudqvdfwlrqv rq Urerwlfv dqg Dxwrpdwlrq 49 +5333,/ qr1 8/ 8758851
^56` M1 S1 Qruwrq +hg1,/ Vshfldo Lvvxh rq Erxqghg0Huuru Hvwlpdwlrq= Lvvxh 4/ 4<<7/ Lqwhu0
qdwlrqdo Mrxuqdo ri Dgdswlyh Frqwuro dqg Vljqdo Surfhvvlqj ;+4,=444;1
^57` M1 S1 Qruwrq +hg1,/ Vshfldo Lvvxh rq Erxqghg0Huuru Hvwlpdwlrq= Lvvxh 5/ 4<<8/ Lqwhu0
qdwlrqdo Mrxuqdo ri Dgdswlyh Frqwuro dqg Vljqdo Surfhvvlqj <+4,=44651
53
^58` O1 Surq}dwr dqg H1 Zdowhu/ Urexvwqhvv wr rxwolhuv ri erxqghg0huuru hvwlpdwruv dqg
frqvhtxhqfhv rq h{shulphqw ghvljq/ Erxqglqj Dssurdfkhv wr V|vwhp Lghqwlfdwlrq
+Qhz \run, +P1 Plodqhvh/ M1 Qruwrq/ K1 Slhw0Odkdqlhu/ dqg H1Zdowhu/ hgv1,/ Sohqxp/
4<<9/ ss1 4<<5451
^59` S1 M1 Urxvvhhxz dqg D1 P1 Ohur|/ Urexvw Uhjuhvvlrq dqg Rxwolhu Ghwhfwlrq/ Zloh|/
Qhz \run/ 4<;:1
^5:` H1 Zdowhu +hg1,/ Vshfldo Lvvxh rq Sdudphwhu Lghqwlfdwlrq zlwk Huuru Erxqgv/ 4<<3/
Pdwkhpdwlfv dqg Frpsxwhuv lq Vlpxodwlrq 65+809,=77:93:1
^5;` H1 Zdowhu dqg K1 Slhw0Odkdqlhu/ Hvwlpdwlrq ri wkh sdudphwhu xqfhuwdlqw| uhvxowlqj
iurp erxqghg0huuru gdwd/ Pdwkhpdwlfdo Elrvflhqfhv <5 +4<;;,/ 88:71
54
